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A simple model composed of two rigid macromolecules �adsorbents� immersed in a large number of small
molecules �adsorbates� is used to study entropy-driven association processes. The surfaces of the adsorbents
are capable of adsorbing the smaller adsorbates. The partition function of the model is obtained analytically.
The probability of dimerization and the number of adsorbed molecules are shown to depend on the enthalpy
and the entropy differences between the assembled and the disassembled states. Under certain conditions,
dimerization of the macromolecules occurs with increasing temperature. This entropy-driven self-assembly is
originated from an overall entropy gain due to the release of the adsorbed small molecules, leading to a large
peak in the heat capacity due to the dimer formation. The desorption of the adsorbates induces a sharp change
in the first-order derivative of the free energy, resulting in another large peak in the heat capacity. A
temperature-induced re-entrance into the dimer state is also contained in the model.
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I. INTRODUCTION

Molecular self-assembly or association is a generic phe-
nomenon in physics, chemistry, and molecular biology. The
driving force of the assembly is typically based on noncova-
lent intermolecular interactions such as hydrogen bonding
and dispersion force �1–8�. Although this type of forces is
weaker than covalent bonding, cooperative effects from a
large number of molecules can often lead to thermally re-
versible macroscopic association and dissociation �9–11�.
The thermal reversibility of molecular association is utilized
in engineering functionalized single macromolecules �so-
called supramolecules�, which are capable of adsorbing
smaller molecules. These supramolecules are also employed
as chemical building blocks to form larger hierarchical struc-
tures �12�. The response to temperature stimulus has various
potential applications such as drug delivery and polymeriza-
tion in polar solvents.

The nature of the association processes can be discussed
by considering the free-energy difference between the as-
sembled and the disassembled states. In general, the free-
energy difference can be expressed in terms of internal en-
ergy �enthalpy� and entropy differences, �E and �S, as �F
=�E−T�S. Here, we do not distinguish between the internal
energy and the enthalpy because the volume of the system
does not vary through the self-assembly �13�. Figure 1 shows
�F as a function of temperature with the assumption of con-
stant �E and �S �so-called van’t Hoff equation �14��. The
transition between the two states can be classified into two
types, �a� and �b� �15,16�. In type �a�, the assembled state is
stabilized by attractive enthalpic interactions �i.e., enthalpy-
driven association�, �E�0. Dissociation occurs at high tem-
peratures in order to gain the translational entropy. The
enthalpy-driven association is characterized by the condi-
tions �E�0 and �S�0. The second type, �b�, corresponds
to entropy-driven association. In contrast to type �a�, the as-

sociation arises with increasing temperature. It is obvious
that the necessary conditions of entropy-driven assembly are
�E�0 and �S�0.

In many experiments, molecular association has been ob-
served when temperature is increased. That is, the associa-
tion is driven by the entropy and the enthalpy increases. This
entropy increase can often be traced to the release of ad-
sorbed solvent molecules from the macromolecules. The
self-assembly of tobacco mosaic virus and hepatitis B virus
are two prominent examples exhibiting entropy-driven self-
assembly �14�. The stability of the virus coat proteins has
been studied using thermodynamical models �17,18�. More-
over, a generic thermodynamical model for the solvation of
biopolymers is also proposed �19�. Another class of building
blocks for entropy-driven assembly is found in synthetic
macromolecules such as Rosette nanotubes �RNs� �20�, zwit-
terion dimers �21�, and supramolecular cages �22�. In con-
trast to the large accessible surface area of the globular pro-
tein or RNs, the zwitterion and the supramolecular cage have
a relatively small number of hydrogen-bonding sites for the
binding of solvent molecules. A further example of entropy-
driven assembly is the crystallization of modified cyclodex-
trins �23�. In this system, crystallization occurs when the
temperature is increased. The changes in the enthalpy and the
entropy are obtained by the molar heat capacity curve in the
differential scanning calorimetry �DSC� experiment �24�.
The crystallization temperatures are estimated at
30 °C–90 °C from the peak of the curve.

Since the size of the adsorbents varies, the number of
smaller molecules adsorbed on the surfaces of the macromol-
ecules can be very different. Entropy-driven self-assembly of
supramolecules can be found for different types of adsor-
bents and adsorbates, ranging from monomer-sized scale to
protein-sized scale �21,25,26�. Thus, the association induced
by the entropy gain should be considered as a generic phe-
nomenon. In the literature, such an entropy-driven process is
often analyzed using macroscopic models specifically de-
signed for each experimental system. Although one can de-
rive many useful results from the models, qualitative under-
standings on a microscopic level are often limited.
Furthermore, mean-field approximations are also applied in
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most of these models, where thermal fluctuations are ig-
nored. From this perspective, exact solutions of statistical
mechanics models will provide valuable insights into the na-
ture of entropy-driven self-assembly.

In this paper, we propose a generic model with an explicit
description of surface adsorption in order to gain a micro-
scopic understanding of the entropy-driven self-assembly.
The model may also provide guidance to experimental de-
sign of supramolecules. In Sec. II, we present a well-
characterized statistical-mechanics model for the study of the
entropy-driven dimerization of two rigid macromolecules
�adsorbents�. In this simple system, the small molecules are
treated as noninteracting adsorbates. The surfaces of the
macromolecules are capable of adsorbing the small mol-
ecules. In the model, the adsorbed molecules are allowed to
move on the surfaces of the adsorbents, and hence they form
a two-dimensional ideal gas on the surfaces. Although this
model is a great simplification of real systems, it is expected
that the model captures the qualitative nature of entropy-
driven processes. The advantage of this model is that the
partition function can be analytically obtained. This allows
us to calculate thermodynamic properties such as the free
energy and the heat capacity in Sec. III. Dimerization with
increasing temperature arises from the release of the ad-
sorbed small molecules. The association leads to a peak in
the heat capacity, indicating a second-order-like phase tran-
sition. A sharp change in the first-order derivative of the free
energy occurs with the desorption of the adsorbates, leading
to a second peak in the heat capacity. The conditions for the
spontaneous formation of the dimer are discussed in Sec. IV.
In particular, a re-entrance into the dimer state with increas-
ing temperature can be derived from the model.

II. PARTITION FUNCTION AND FREE ENERGY
OF THE MODEL SYSTEM

The model is composed of two rigid macromolecules and
Nw small molecules contained in a volume Vtot. As illustrated
in Fig. 2, the small molecules can be adsorbed on the sur-

faces of the macromolecules. The two macromolecules are
capable of forming a dimer with a specific binding interac-
tion. The top and the bottom surfaces of the ith macromol-
ecule have N0 adsorption sites, which are occupied by ni

t and
ni

b small molecules, respectively. These small molecules
adopt different configurations on the adsorbing surfaces.
Thus, the binomial coefficients, N0

Cni
t and N0

Cni
b, enter the

partition function. In addition, the mass of the small mol-
ecule, mw, is assumed to be much smaller than the one of the
macromolecule, mh. Hence, the variation in the mass of the
macromolecule for the uptake of the small molecules is ig-
nored. The small molecule is a hard sphere with a volume
vw. Similarly, the volume of the macromolecule is vh. The
possible microstates are divided into two classes: the disas-
sembled and the assembled states. The total partition func-
tion with two macromolecules and Nw small molecules is
then given by

Ztot = Zdis + Zas, �1�

where Zdis and Zas are the partition functions of the disas-
sembled and the assembled states,

Zdis = �
n1

t =0

N0

�
n1

b=0

N0

�
n2

t =0

N0
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n2

b=0
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2
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+
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+ �
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b
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2

2mw
	
 , �2�

FIG. 1. Schematics of the free-energy difference between as-
sembled and disassembled states. Note that the assembled state is
energetically favorable when �F�0. �a� Enthalpy-driven transi-
tion. �b� Entropy-driven transition.

FIG. 2. Schematic description of the disassembly and the self-
assembly of two rigid macromolecules �adsorbents� with smaller
molecules �adsorbates�. �a� The dimeric association with the “shell”
of the adsorbed small molecules. �b� The dissociated macromol-
ecules with the shell where ni

t and ni
b small molecules are adsorbed

on the top and the bottom surfaces, respectively. �c� The side view
of the macromolecule with the small molecules adsorbed on the
surfaces. �d� The top view of the macromolecule with the small
molecules on the adsorption sites. The adsorbates on the surfaces
form a noninteracting ideal gas.
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In these expressions, �=1 /kBT. The momenta of the ith
small molecule and macromolecule are p� iw and p� ih. The in-
tegrations in the phase space for the two macrostates are
specified by

d�dis = d3x1
�w�d3x2

�w�
¯ d3x�Nw−n1

t −n1
b−n2

t −n2
b�

�w�
d3p1

�w�d3p2
�w�

¯

�d3p�Nw−n1
t −n1

b−n2
t −n2

b�
�w�

d3x1
�h�d3p1

�h�d3x2
�h�d3p2

�h�, �4�

d�as = d3x1
�w�d3x2

�w�
¯ d3x�Nw−n1

t −n2
b�

�w�
d3p1

�w�

�d3p2
�w�

¯ d3p�Nw−n1
t −n2

b�
�w�

d3x�h�d3p�h�, �5�

where the superscript distinguishes between the macromol-
ecule and the small molecule and the subscript denotes the
ith molecule. Note that the Planck constant is set to unity. In
order to mimic a short-range attractive intermolecular force
such as hydrogen bonding, the interaction between the mac-
romolecules is described as −�hh�0. Similarly, −�hw�0 de-
notes the attractive interaction between the macromolecule
and the small molecule. Here, the number of small molecules
in the bulk is assumed to be larger than the number of ad-
sorbed molecules. Therefore, the approximation, 1

�N−n�!
� 1

N! exp�n ln N� for N
n, is applied to the partition func-
tion. The integrals in Eqs. �2� and �3� lead to

Zdis =
Zdis

kinetic

Nw!
a3Nw/2�1 + exp���hw − ln

a3/2

Nw

	4N0

, �6�

where Zdis
kinetic= �Vef f

2 /2��2mh� /��3, Vef f �Vtot−Nwvw−2vh,
and a�2mw�Vef f

2/3 /�. Similarly, one can obtain the partition
function of the assembled state as

Zas =
Zas

kinetic

Nw!
a3Nw/2 exp���hh��1 + exp���hw − ln

a3/2

Nw

	2N0

,

�7�

where Zas
kinetic=Vef f�4mh� /��3/2.

At equilibrium, the system accesses to one of these two
classes of macrostates, and then it may transfer to the other
class �13�. Thus, there are well-defined free energies for each
molecular-scale subsystem �27�,

Fas = −
1

�
ln Zas �8�

and

Fdis = −
1

�
ln Zdis. �9�

The probability of the self-assembly of the dimer can now be
calculated from these partition functions,

Pas =
Zas

Ztot
=

1

exp�− �̃q�

�̃�̃3/2
�exp��̃ − Csolv +

3

2
ln �̃
 + 1	2N0

+ 1

,

�10�

where q��hh /�hw, Csolv� ln��2mw��hw�3/2�w
−1�, �w

�Nw /Vef f, �̃���hw, Ṽef f �Vef f�mh��hw�3/2, and �̃� 2

Ṽef f
are

the scaled parameters. The adsorption energy �hw is set as a

reference energy. The scaled temperature is given by T̃

=1 / �̃. Csolv and �̃ are the scaled concentrations of small
molecules and macromolecules, respectively. q denotes the
scaled attractive interaction between the macromolecules.
When q is larger than 1, the attractive interaction exceeds the
binding interaction between the macromolecule and the
small molecule. The difference of the scaled free energy be-
tween the dimerized and the dissociated macromolecules can
be obtained as

�Fas =
Fas − Fdis

�hw

= − q −
1

�̃
ln �̃ −

3

2�̃
ln �̃ +

2N0

�̃

�ln�1 + exp��̃ − Csolv +
3

2
ln �̃
	 . �11�

The scaled enthalpy difference �E�T̃� is given by �E�T̃�
=− �

��̃
ln Zas+ �

��̃
ln Zdis=�Fas+ T̃�S�T̃�, where �S�T̃�

�−��Fas /�T̃ is the scaled entropy difference. Thus, �S�T̃� is
obtained by the slope of the tangent of �Fas at a given tem-

perature T̃. The y intercept of the tangent at T̃=0 gives

�E�T̃�.
To quantify the self-assembly induced by the release of

the small molecules, the thermodynamic average of the num-
ber of adsorbed molecules, nad, is calculated. It follows from
Eqs. �1�, �6�, and �7� that

nad =
1

�

� ln Ztot

��hw

=
2N0

�1 + �̃−3/2 exp�− �̃ + Csolv��

��1 +
1

1 + exp��̃q��̃�̃3/2�1 + �̃3/2exp��̃ − Csolv��−2N0

 .

�12�

Hence, nad �adsorption number� is proportional to the num-
ber of adsorption sites on the surfaces. At the high-

temperature limit, �̃→0, nad→0 is obtained. This result in-
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dicates that the adsorbed molecules are thermally excited and
released from the surfaces to the bulk phase. On the other

hand, the low-temperature limit, �̃→, leads to the follow-
ing two cases: �a� nad→4N0 with q�2N0. In this case, the
dimer is dissociated into the two macromolecules. The sur-
faces are completely covered with the shells. Therefore, the
coefficient 4 arises from the total number of surfaces in the
model. �b� nad→2N0 with q�2N0. This indicates that the
two macromolecules are associated into the dimer. All of the
adsorption sites are occupied by the small molecules.

In general, a large variation or divergence in the heat ca-
pacity arises from the transition between macroscopic states
�28�. Therefore, we calculate the heat capacity at a constant
volume Cv in Sec. III. Probabilities of the dimeric associa-
tion are then compared with Cv. In our definition, the heat
capacity for the ideal gas of the small molecules, Cv

ideal, is
subtracted from the total heat capacity of the system, Cv

tot. It
leads to

Cv = Cv
tot − Cv

ideal = − T
�2Ftot

�T2 − �− T
�2Fideal

�T2 	 , �13�

where Fideal is the free energy of the ideal gas. Hence, Cv
serves as the heat capacity for the effect due to the surface-
induced association with the adsorption.

Furthermore, the macromolecules are expected to self-

assemble or disassemble at a critical temperature Tc
˜ and a

critical macromolecular concentration �CMC� �c˜. At the criti-
cal association point, the association and the dissociation of
the dimer occur with the same probability �13�

Pas
c = Pdis

c =
1

2
, �14�

where Pas
c and Pdis

c are the probabilities of the dimerization

and the dissociation of the dimer at Tc
˜ and CMC, respec-

tively. Equations �10� and �14� lead to

�c˜ =
exp�− �c

˜q�

�c
˜3/2

�1 + exp��c
˜ − Csolv +

3

2
ln �c

˜	
2N0

.

�15�

When �̃ is larger than �c˜, the dimeric association is obtained
with a large probability �i.e., Pas�

1
2 �. Thus, CMC provides

the boundary for the spontaneous formation of the dimer.
The thermodynamic properties of the association will be dis-
cussed with respect to the concentration and the temperature
in the following sections.

The transitions at Tc
˜ in the thermodynamic limit, N0→,

may be analyzed using Eq. �11�. However, it is complicated

to obtain the analytical expression because Tc
˜ depends on N0

in a nonlinear fashion, as indicated by Eq. �15�. Instead, we
will discuss the nature of the transitions numerically in Sec.
III.

III. PROBABILITY OF DIMERIZATION

In this section, the entropy-driven and the enthalpy-driven
dimerizations are analyzed by comparing the thermodynamic

properties as functions of temperature. For typical param-
eters, plots of the dimerization probability �Eq. �10��, the
free-energy difference �Eq. �11��, the number of adsorbed
molecules �Eq. �12��, and heat capacity �Eq. �13�� are shown
in Figs. 3–6. One important parameter controlling the behav-
ior of the model is the ratio between the dimer binding and
the adsorption energies, q=�hh /�hw. For q�1, typical ther-

FIG. 3. �a� The probability of the dimerization. Pas�T̃→0�→0
with 2N0�q. �b� The difference of the free energy between the
assembled and the disassembled states. The horizontal solid line
denotes the zero axis. �c� The total number of small molecules
adsorbed on the surfaces of the two macromolecules. �d� The heat
capacity at a constant volume. The first spikelike peak arises from
the entropy-driven association. The second relatively broad peak is
due to the completion of the desorption. The complete dissociation
of the dimer provides the third small bumpy peak. Note that, in all
figures, q=6, Csolv=20, and �̃=10−11 are used.
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modynamic quantities are plotted in Fig. 3. In this case, the
attractive interaction between the macromolecules is stronger
than that between the macromolecule and the small mol-
ecule. For the special case of N0=0, no small molecule can
be adsorbed. In this case, the macromolecules can associate
into the dimer at a low temperature. Pas starts from 1 at T̃
=0. As the temperature is increased, Pas decreases to 0
monotonically, indicating that the dimer is dissociated at
high temperature. This is a well-known behavior in statistical
thermodynamics. In the case of N0�0, the small molecules
can be adsorbed on the surfaces of the macromolecules.
When the energy of the disassembled state with the adsorp-
tion is lower than that of the assembled state, the dimer is
dissociated into the two macromolecules at low tempera-
tures. The condition of the low-temperature dissociation is
given by 2N0�q �i.e., −4N0�hw�−2N0�hw−�hh�. In this

case, the two dashed lines for Pas approach 0 with T̃→0 in

Fig. 3�a�. However, as the temperature is increased, associa-
tion occurs from the dissociated macromolecules, as shown
by the large increase in Pas. The transition arises from an
entropy gain by the release of small molecules from the sur-
faces. To elucidate the entropy-driven nature of this process,
�Fas and nad as functions of temperature are shown in Figs.

FIG. 4. �a� The probability of the dimerization. Pas�T̃→0�→0
with 2N0�q. �b� The difference of the free energy between the
assembled and the disassembled states. The horizontal solid line
denotes the zero axis. �c� The total number of small molecules
adsorbed on the surfaces of the two macromolecules. Note that, in
all figures, q=0.5, Csolv=20, and �̃=10−11 are used.

FIG. 5. �a� The probability of the dimerization. Pas�T̃→0�→0
with 2N0�q. �b� The difference of the free energy between the
assembled and the disassembled states. The horizontal solid line
denotes the zero axis. �c� The total number of small molecules
adsorbed on the surfaces of the two macromolecules. �d� The heat
capacity at a constant volume. Note that, in all figures, q=1.6,
Csolv=20, and �̃=10−11 are used.
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3�b� and 3�c�, respectively. When the large increase in Pas in
Fig. 3�a� occurs with increasing temperature, �Fas�0 is ob-
tained. In this case, the tangent of �Fas has a negative slope
and a positive y intercept, indicating that both entropy and
enthalpy differences are positive. As discussed in Sec. II, the
association is entropically driven. Figure 3�c� shows two re-
gimes where there are two cascades of nad. nad sharply de-
creases to half of its original value through the first transi-
tion. Therefore, the increase in entropy is associated with a
release of small molecules from the surfaces. Note that the
surfaces of the dimer are still covered with small molecules
in the first regime for the association because nad�0 is ob-
tained. Furthermore, Fig. 3�d� shows that the heat capacity
exhibits three peaks with each set of the parameters. The first
spikelike peak is at the temperature where the entropy-driven
transition occurs. As N0 is increased, a sharper peak appears
and tends to diverge. Figure 3�b� shows that the slope of

�Fas in this transition grows steeper with increasing N0. This
is due to a larger entropy difference between the two states.
Therefore, the thermodynamic properties indicate that the
entropy-driven association is a second-order phase transition
at the thermodynamic limit, N0→.

At a higher temperature, an abrupt change in the first
derivative or slope of �Fas occurs. The “cusp” structure im-
plies a first-order-like phase transition. The second cascade
of nad appears in the proximity of this transition, where nad
rapidly decreases to 0. Thus, this first-order-like phase tran-
sition is induced by the complete desorption of small mol-
ecules from the surfaces. In Fig. 3�d�, the transition is also
revealed as a second peak in Cv.

At temperatures above the complete desorption point, the
dimer can still be stabilized by the attraction between the two
macromolecules with �E�0 and �S�0. This dimerization
is therefore an enthalpy-driven one. Dissociation occurs at a
higher temperature with a relatively small peak in Cv. Note
that this process is independent of N0 because adsorbed small
molecules are completely desorbed.

When the attraction between the macromolecules is
weaker than the adsorption energy �i.e., q�1�, the dimeriza-
tion process is qualitatively different. Typical plots of the
thermodynamic quantities in this case are shown in Fig. 4. It
is apparent that the surface-induced cooperative transition
does not occur with q�1 �Fig. 4�a��. Figure 4�b� shows that
the entropic effect does lead to a decrease in the free-energy
difference �Fas. However, the dissociation of the macromol-
ecules pre-empts the entropy-driven association, resulting in
one single cascade of nad �Fig. 4�c��.

Figures 3 and 4 clearly show that the entropy-driven as-
sociation is a result of the competition between the energy
gain due to adsorption and the entropy gain due to desorption
of the small molecules. This delicate competition is demon-
strated in Fig. 5 for the case of moderate value of q �q
=1.6� and large N0. In this case, Pas has a sharp increase as
the temperature is increased, similar to the steep increase
shown in Fig. 3. This sharp increase is due to the desorption
of the small molecules �Figs. 5�b� and 5�c��. However, the
dimerization process is interrupted by the dissociation of the
dimers before Pas reaches a threshold value, Pas

c =0.5. The
corresponding free energy �Fas is a decreasing function at
low temperatures. Before reaching zero, �Fas makes a sharp

turn to become an increasing function of T̃ �Fig. 5�c��. Over
the temperature range shown in Fig. 5, the dimer has higher
free energy than the disassembled state. The system is ther-
mally fluctuating between the ground state �two dissociated
macromolecules� and the excited state �dimer�. The sharp
variation in the first derivative of �Fas occurs in close prox-
imity to �Fas=0. The entropy-driven excitation is accompa-
nied by the completion of the desorption, and hence two
cascades of nad are overlapped in Fig. 5�c�. Cv in Fig. 5�d�
exhibits a single large increase through the transition. Al-
though a larger N0 reduces the probability of the entropy-
driven association in Fig. 5�a�, the peak of Cv grows with
increasing N0. Therefore, the peak can be attributed to the
desorption of small molecules, implying a first-order-like
transition.

The competition between the energy and the entropy can
lead to an entropy-driven re-entrance of dimerization, as

FIG. 6. �a� The probability of the dimerization. Pas�T̃→0�→1.
�b� The difference of the free energy between the assembled and the
disassembled states. The horizontal solid line denotes the zero axis.
�c� The total number of small molecules adsorbed on the surfaces of
the two macromolecules. Note that, in all figures, q=10.1, Csolv
=10, and �̃=10−25 are used.
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shown in Fig. 6 for the case of large q �q=10.1�. At very low
temperature, the system is in the assembled state. As the
temperature is increased, dissociation of the dimer occurs
first. However, dimerization occurs again at a higher tem-

perature �T̃�0.035�. From the free-energy plot shown in Fig.
6�b�, it is clear that this re-entrance of the dimer state is
driven by an entropy gain due to desorption of the small
molecules �Fig. 6�c��.

IV. CMC

In this section, the dimer formation over a wide range of
macromolecular concentration and temperature is analyzed
using Eq. �15�. The results are shown in Fig. 7, where the
CMCs are plotted with different parameters. Since the region
above the CMC curve has Pas�0.5, it is identified as the
region of dimer state, whereas the lower region is the disso-
ciated state. In the case of N0=0, there is no entropy-driven
force due to small molecules. Therefore, the dimer is
straightforwardly dissociated as the temperature is increased.
When there are adsorption sites on the surfaces, the entropy-
driven association becomes possible. The macromolecules
are, however, dissociated at sufficiently high temperatures.
Furthermore, the re-entrance into the dimer state is indicated
in the inset of Fig. 7. There are two critical points in this

case, corresponding to the points at which ���c˜ /��c
˜��̃c

� =0.
The inset also shows that a larger value of q shifts the CMC
to smaller values, resulting in a wider region of entropy-
driven association. In other words, a stronger attractive force
between the macromolecules enhances the stability of the
entropy-driven state.

The CMC with a very large attraction between the mac-
romolecules �N0=5 and q=12� reveals that the region of
entropy-driven dimerization disappears in this case. The

asymptotic behavior of ln �c˜ with Tc
˜→0 �or �c

˜→� is given
by

ln �c˜�c
˜→ � �2N0 − q��c

˜ + 3�N0 − 1
2�ln �c

˜. �16�

Therefore, when 2N0�q, ln �c˜ monotonically increases to 

with Tc
˜→0. Entropy-driven dimerization is then expected to

emerge in this case. As discussed in Sec. III, the condition
implies that the dimer state is the excitation in energy level.
Note that the temperature-induced re-entrance into the dimer
state �N0=5 and q=10.1� arises despite 2N0�q. The condi-
tion 2N0�q is sufficient to provide entropy-driven dimeriza-
tion, as illustrated in Fig. 7.

V. DISCUSSION AND CONCLUSION

In this paper, entropy-driven association of two rigid mac-
romolecules into a dimer is studied using a simple model.
The surfaces of the macromolecules are capable of adsorbing
small molecules. When the model is extended to liquid sys-
tems with intermolecular interactions such as Lennard-Jones
potential, the surface layer may resemble a solvation shell
�19�.

For all set of parameters of the model, the dimer is disso-
ciated into the two macromolecules at a melting temperature
Tm. On the other hand, it is possible that association is in-
duced with increasing temperature below Tm. This is due to a
gain of entropy by the release of the small molecules from
the surfaces to the bulk phase. Moreover, a temperature-
induced re-entrance into the dimer state is obtained from the
model. In this case, two critical points appear in the phase
diagram. The transitions in the model are summarized as
phase diagrams in the q-T plane �Fig. 8�.

FIG. 8. The boundary of the transition between the associated
and the dissociated states with the parameters used in Fig. 3
�Csolv=20 and �̃=10−11�. The curves are determined by Eq. �15�.
The probability of the dimeric association is larger than 0.5 above
the curves. The inset denotes the phase diagram with the parameters
used in Fig. 6 �Csolv=10 and �̃=10−25�. The result indicates the
temperature-induced re-entrance into the dimer state.

FIG. 7. The boundary of the transition between the associated
and the dissociated states with q=6 and Csolv=20. Note that the y
axis is log10 �̃. The curves correspond to the CMCs determined by
Eq. �15�. The probability of the dimeric association is larger than
0.5 above the curves. At high temperatures, the line with N0�0
asymptotically approaches the one with N0=0, since the dissocia-
tion of the dimer is not largely affected by the adsorption. The inset
denotes the CMCs with N0=5 and Csolv=10. The results indicate
the temperature-induced re-entrance into the dimer state. The line

with q=12 monotonically decreases with T̃→0.
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The model exhibits second-order-like and first-order-like
phase transitions which are due to entropy-driven association
and the completion of the desorption of the small molecules,
respectively. These transitions lead to peaks in the heat ca-
pacity, which tend to diverge with increasing N0. The CMC
indicates that entropy-driven dimerization occurs when 2N0
�q �i.e., −4N0�hw�−2N0�hw−�hh�. This condition implies
that the dimer state covered with small molecules is an ex-
cited state in energy level. Thus, the entropy-driven transi-
tion is a thermal excitation of the two macromolecules.

When reasonable values of the model parameters are
used, the entropy-driven association is predicted to occur at a
temperature in the range, 0 °C–200 °C. For example, the
parameters N0=4, �w=100 mM, 2 /Vef f =0.1 mM, mw
=80 g mol−1, mh=150–150 000 g mol−1, �hh=20kbT, and
�hw=10kbT lead to Tc�40 °C. This is in good agreement
with Tc=30 °C–90 °C for a hydrogen-bonded dimer in Ref.
�21�. Hence, our simple model can be served as a qualitative
description of the system. A good understanding of entropy-
driven self-assembly due to the release of adsorbed mol-
ecules can be obtained from the model.

Before closing, it is appropriate to comment on the appli-
cability of the simple model to realistic physical systems. For
any macromolecules, conformational fluctuations are always
present. The conformation difference before and after the
assembly will contribute to the entropy difference, which
should be included in the study of the assembling process. In

the simple model employed in the current study, the confor-
mation change of the macromolecules is ignored, so that the
model system is analytically solvable. Qualitatively, the ther-
modynamic properties from the current model can serve as a
guidance for the understanding of entropically driven assem-
bly. On the other hand, quantitative application of the model
results should be restricted to those systems where the mac-
romolecular conformations do not change appreciably before
and after the assembly. Examples of such rigid macromol-
ecules could include virus coat proteins, Rosette nanotubes,
cyclodextrins, and rodlike polymers.

Finally we would like to remark that our model can be
extended to flexible polymeric systems, in which the confor-
mational entropy of the polymers is included in the study.
Furthermore, adsorption equilibrium could correlate with lo-
cal monomer concentrations in this case. For example, the
overlap of binding sites may occur through conformational
changes of the polymers. Recently, we have shown that it is
possible to develop a self-consistent field theory for flexible
polymers with specific binding interactions and we intend to
present this study in a future publication.
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